Published by Institute of Physics Publishing for SISSA Received: September 16, 2005 Accepted: November 3, 2005 Published: November 16, 2005

Exact results in planar N = 1 superconformal Yang-Mills theory

Andrea Mauri,^a Silvia Penati,^b Alberto Santambrogio^b and Daniela Zanon^a aDipartimento di Fisica, Università di Milano and INFN, Sezione di Milano, Via Celoria 16, I–20133 Milano, Italy bDipartimento di Fisica, Università di Milano-Bicocca and INFN, Sezione di Milano, Piazza della Scienza 3, I–20126 Milano, Italy E-mail: andrea.mauri@mi.infn.it, silvia.penati@mib.infn.it,

alberto.santambrogio@mi.infn.it, daniela.zanon@mi.infn.it

Abstract: In the β-deformed N = 4 supersymmetric SU(N) Yang-Mills theory we study the class of operators O_J = Tr(Φ^J_i Φ_k), i ≠ k and compute their exact anomalous dimensions for N, J → ∞. This leads to a prediction for the masses of the corresponding states in the dual string theory sector. We test the exact formula perturbatively up to two loops. The consistency of the perturbative calculation with the exact result indicates that in the planar limit the one-loop condition g^2 = hh for superconformal invariance is indeed sufficient to insure the exact superconformal invariance of the theory. We present a direct proof of this point in perturbation theory. The O_J sector of this theory shares many similarities with the BMN sector of the N = 4 theory in the large R-charge limit.

Keywords: Superspaces, AdS-CFT and dS-CFT Correspondence, Conformal and W Symmetry.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep112005024 /jhep112005024 .pdf

Contents

1. Introduction 1

2. Generalities 2

3. The perburbative calculation 3

4. The exact anomalous dimensions 7

5. The superconformal condition at large-N 9

6. Conclusions 11

1. Introduction

The recent past has seen a new interest on exactly marginal deformations of N = 4 SYM theory preserving N = 1 supersymmetry [1], in particular after the supergravity duals of the so-called β-deformations of N = 4 SU(N) SYM theory have been found by Lunin and Maldacena in [2].

Now new results start to emerge also from the field theory side: in [3 – 5] various properties of composite operators of the deformed theory have been investigated at the perturbative level (see also [6 – 9]). The outcome is that the deformed theory shares some properties with the undeformed N = 4 theory, but new features emerge, as for example the finite corrections of the two- and three-point functions of protected operators [4, 5].

The chiral ring of the theory was identified in [10, 11] for generic values of the deformation parameter. It is given by the operators Tr(Φ^J_i ), i = 1, 2, 3, and Tr(Φ^J_1 Φ^J_2 Φ^J_3 ). In [3, 4] it was shown that also the operator Tr(Φ_1Φ_2) does not acquire anomalous dimension.

In this paper we will focus on the operators Tr(Φ^J_i Φ_j), i ≠ j. As opposed to what happens in the undeformed N = 4 case, these operators are not protected and their anomalous dimension was computed at one-loop in [3]. Our interest in these operators is motivated by the fact that in the large J limit they resemble the BMN operators of the N = 4 theory [12]. Indeed a perturbative superfield analysis performed at low orders shows that the supergraphs contributing to their anomalous dimension are exactly the same as the ones of the BMN case. Then we apply the derivation of [13] to this class of operators and compute their exact anomalous dimension in the planar limit.

The consistency between the perturbative supergraph approach and the result obtained by using the method of [13] suggests that the one-loop superconformal invariance condition remains valid in the planar limit to all orders of perturbation theory (at least for real values

– 1 – of the β parameter of the β-deformation which is the case we consider here). We confirm this result by exploiting the formal analogy between β-deformed and non-commutative field theories.

The paper is organized as follows. In section 2 we present the setup for the perturbative calculation that we perform in section 3, where we compute the anomalous dimensions of the operators Tr(Φ^J_i Φ_j), i ≠ j in the large-N limit up to order g^4. The contributing graphs are the same that one would encounter in the calculation of the anomalous dimension of BMN operators. In section 4 we apply to our operators the procedure introduced in [13] and give an all-order result for their anomalous dimensions in the large J and large-N limit. Then in section 5 we prove that the one-loop condition of superconformal invariance remains valid to all orders in the planar limit.

2. Generalities

We consider the following deformation of the N = 4 SYM theory

S[j, j̄] = � d^8z Tr � e^{−gV} Φ̄_ie^{gV} Φ^i � + 1 2g^2 � d^6z Tr W^α W_α + +ih � d^6z Tr(qΦ_1Φ_2Φ_3 − 1 q Φ_1Φ_3Φ_2) − −ih � d^6z̄ Tr(q̄ Φ̄_1Φ̄_3Φ̄_2 − 1 q̄ Φ̄_1Φ̄_2Φ̄_3) + � d^6z jO + � d^6z̄ j̄Ō (2.1)

where we have set q ≡ e^{iπβ} and in the following we choose β real so that qq̄ = 1. We have added to the classical action source terms for composite chiral operators generically denoted by O with j (j̄) (anti)chiral sources. The superfield strength W_α = iD̄^2(e^{−gV} D_α e^{gV} ) is given in terms of a real prepotential V and Φ_{1,2,3} contain the six scalars of the original N = 4 SYM theory organized into the 3 × ¯3 of SU(3) ⊂ SU(4). We write V = V^aT_a, Φ_i = Φ^a_i T_a where T_a are SU(N) matrices in the fundamental representation. In the following we use the notation Tr(T^aT^bT^c . . .) ≡ (abc . . .).

The β-deformation breaks the original SU(4) R-symmetry to U(1)_R. However, besides the Z_3 symmetry associated to cyclic permutations of (Φ_1, Φ_2, Φ_3), two extra non- R–symmetry U(1)’s survive. Applying the a-maximization procedure [14] and the conditions of vanishing ABJ anomalies it turns out that U(1)_R is the one which assigns the same R-charge ω to the three elementary superfields, whereas the charges respect to the two non-R–symmetries U(1)_1 × U(1)_2 can be chosen to be (Φ_1, Φ_2, Φ_3) → (0, 1, −1) and (−1, 1, 0), respectively.

As discussed in [3, 4], at the quantum level the theory is superconformal invariant (and then finite) up to two loops if the coupling constants satisfy the following condition (vanishing of the beta functions) hh̄ � 1 − 1 N^2 � � �q − 1 q � � � 2� − g^2 = 0 . (2.2)

In the large-N limit this condition reduces simply to g^2 = hh̄, independently of the value of q. In [5] the three loop correction to (2.2) has been also evaluated. Since it turns out to be

– 2 – suppressed for N → ∞, the condition g^2 = hh̄ is the correct condition for superconformal invariance in the planar limit up to three loops.

At the superconformal fixed point of the theory we compute the anomalous dimensions for the class of non-protected operators^1

O_J = Tr(Φ^J_1 Φ_2) . (2.3)

They are charged under U(1)_1 × U(1)_2 with charges (1, 1 − J).

Using the equations of motion from the action (2.1) with j = j̄ = 0 (from now on we neglect factors of e^{±gV} since they are not relevant to our purposes)

D̄^2Φ̄^a_3 = −ihΦ^b_1Φ^c_2[q(abc) − 1 q (acb)] (2.4)

it is easy to see that

O_J = i h[q −^1_q ]

D̄^2 Tr(Φ^{J−1}_1 Φ̄_3) + 1 N Tr(Φ^{J−1}_1 ) Tr(Φ_1Φ_2) . (2.5)

As long as J > 1, in the large-N limit the operator O_J becomes descendent of the primary Tr(Φ^{J−1}_1 Φ̄_3), whereas for finite N the combination O_J −^1_N Tr(Φ^{J−1}_1 ) Tr(Φ_1Φ_2) is descendent. The exceptional case J = 1 corresponds to the chiral primary operator whose protection has been proven perturbatively in [3, 4].

In the next sections we will concentrate on the evaluation of the anomalous dimensions for the O_J operators.

3. The perburbative calculation

In this section we compute the anomalous dimension of O_J in (2.3) perturbatively, up to two loops. For generic values of J we perform the calculation in the large-N limit in order to avoid dealing with mixing with multitrace operators.

In order to compute anomalous dimensions we evaluate one-point correlators ⟨O_J e^{Sint} ⟩ where S_{int} is the sum of the interaction terms in (2.1). Divergent contributions proportional to the operator itself are removed by a multiplicative renormalization which in dimensional regularization reads

O^{(bare)}

J ≡ O_J � 1 + ∞� k=0 a_k(λ, q, N) ϵ^k � ≡ ZO_J (3.1)

where we have introduced the ’t Hooft coupling λ =^{g2N}_{4π 2} . There is no dependence on the h coupling since we are at the superconformal point where h can be expressed in terms of the other couplings through the condition of vanishing beta functions.

The anomalous dimension is then given by

γ ≡ 2λ da_1(λ, q, N) dλ . (3.2)

1The choice of Φ 1 and Φ 2 superfields is totally arbitrary and we expect the operators Tr(Φ^J_i Φ_k ), for any i, k with i ≠ k to have similar quantum properties. We will comment on this point later on.

– 3 –

Figure 1: One-loop contribution to the O_J anomalous dimension.

Therefore, at any order it is easily read from the simple pole divergence.

We perform perturbative calculations in a superspace setup by following closely the procedure used in [15 – 18, 4] (we refer to those papers for conventions and technical details). After D-algebra supergraphs are reduced to ordinary Feynman diagrams which we evaluate in momentum space. We work in dimensional regularization, d = 4 − 2ϵ, and minimal subtraction scheme.

From the action (2.1) quantized in the Feynman gauge we read the superfield propagators (z ≡ (x, θ, θ̄))

⟨V^a(z_1)V^b(z_2)⟩ = δ^{ab} 1 (x_1 − x_2)^2 δ^{(4)}(θ_1 − θ_2)

⟨Φ^a_i (z_1)Φ̄^b_j(z_2)⟩ = −δ_{ij} δ^{ab} 1 (x_1 − x_2)^2 δ^{(4)}(θ_1 − θ_2) (3.3)

and the three-point vertices

(ΦΦΦ)_{vertex} → ihΦ^a_1Φ^b_2Φ^c_3 � q(abc) − 1 q (acb) �

(Φ̄ Φ̄ Φ̄)_{vertex} → −i h̄Φ̄^a_1Φ̄^b_2Φ̄^c_3 � q̄(acb) − 1 q̄ (abc) �

(Φ̄V Φ)_{vertex} → gΦ̄^a_i V^bΦ^c_i [(abc) − (acb)] . (3.4)

At the lowest order the only contribution to the one-point function for the operator O_J is the one given in figure 1 where, using the notation introduced in [19], the horizontal bold line indicates the spacetime point where the operator is inserted.

The corresponding contribution is proportional to the self-energy integral

I_1 ≡ � d^nk 1 k^2(p − k)^2 ∼ 1 (4π)^2 1 ϵ . (3.5)

– 4 –

Figure 2: Two-loop contributions to the O_J anomalous dimension.

Evaluating the color factor, the combinatorics and taking into account a minus sign from D-algebra we obtain

Diagram 1 → − 1 ϵ � � �q − 1 q � � � 2 |h|^2N (4π)^2

. (3.6)

Using the one-loop superconformal condition in the planar limit (g^2 = |h|^2) and the definition (3.2) we immediately find the one-loop anomalous dimension

γ^{(1)} = 1 2 � �q − 1 q � �^2λ . (3.7)

At two loops (order λ^2) the diagrammatic contributions are drawn in figure 2. Performing the D-algebra we reduce all the diagrams to ordinary Feynman diagrams containing the loop structure as in figure 3.

The associated momentum integral is

I_2 ≡ � d^nk_1d^nk_2 1 k^2_1(p_1 − k_1 − k_2)^2k^2 (p_1 + p_2 − k_2)^2

. (3.8)

As long as we are only concerned with UV divergences we can safely set one of the external momenta to zero. Thus the graph is easily evaluated being proportional to two nested

– 5 –

Figure 3: The two-loop Feynman diagram.

self-energies. We obtain (in the G-scheme)

I_2 ∼ 1 (4π)^4 1 2ϵ^2

(1 + 5ϵ) 1 (p^2)^{2ϵ}

(3.9)

where we have kept only divergent terms. Performing the subtraction of the subdivergence we finally have [I_2]_{sub} ∼ 1 (4π)^4 � − 1 2ϵ^2 + 1 2ϵ � . (3.10)

Computing the combinatorics, the color factors and taking into account minus signs from the vector propagator we find that the factors in front of (3.10) for the various diagrams are

(2a) → −2 � q − 1 q � q̄ − 1 q̄ � g^2|h|^2N^2

(2b) → 2 � q − 1 q � q̄ − 1 q̄ � g^2|h|^2N^2

(2c) → 2 � q − 1 q � q̄ − 1 q̄ � g^2|h|^2N^2

(2d) → − � q − 1 q � q̄ − 1 q̄ � � q q̄ + q̄ q � |h|^4N^2 . (3.11)

Summing all the contributions, using the planar superconformal condition |h|^2 = g^2 and the definition (3.2), we find

γ^{(2)} = − 1 8 � �q − 1 q � �^4λ^2 . (3.12)

We observe that the diagrams contributing to the anomalous dimensions for our operators are exactly the same as the ones for BMN operators in N = 4 SYM in the planar limit [12, 19]. In fact, up to this order the calculation is exactly the same under the formal identification |q −^1_q |^2 ↔ −(e^{iϕ} + e^{−iϕ} − 2), where ϕ is the phase of BMN operators [12, 19, 13]. We expect that the same pattern will persist at any order in perturbation theory. In particular, as in the BMN case, the graphs relevant for the calculation are only the ones where the interactions are close to the “impurity” Φ_2: at L-loop order the interactions may involve at most the Φ_1 lines which are L-steps far away from the impurity. As an important consequence, in the large J limit the anomalous dimensions do not grow with J.

– 6 –

To close this section we note that the result we have found for the anomalous dimensions of the operators Tr(Φ^J_1 Φ_2) at large-N are actually valid for any operator of the form Tr(Φ^J_i Φ_k) with i ≠ k. In fact the superpotential is invariant under cyclic permutation of (Φ_1, Φ_2, Φ_3), and in addition it becomes invariant if non-cyclic exchanges of fields are accompanied by q → − 1 q . (3.13)

Since the anomalous dimensions are proportional to powers of the effective coupling α ≡ λ � �q−^1_q � �^2 which is invariant under (3.13) we conclude that the result is valid for any operator of the form Tr(Φ^J_i Φ_k), i ≠ k.

4. The exact anomalous dimensions

Motivated by the formal correspondence of the previous calculation with the BMN case, in this section we are going to compute the exact anomalous dimensions in the large-N, large J limit by using the procedure introduced in [13] for BMN operators. In the context of β-deformed theories the same procedure has been applied to the class of BMN operators [6].

We concentrate on the operator O_{J+1} which, as follows from eq. (2.5), in the planar limit satisfies D̄^2U_J = −ih[q − 1 q ]O_{J+1} (4.1)

where we have defined U_J ≡ Tr(Φ^J_1 Φ̄_3) . (4.2)

As already noticed, this shows that the O_{J+1} operators are descendants of the U_J ones. Being part of the same superconformal multiplet they share the renormalization properties, i.e. they will have the same scaling dimension and the same perturbative corrections to their overall normalization. Moreover since U_J is not a Konishi-like operator it is not affected by the Konishi anomaly.

As discussed in details in [13], in any N = 1 superconformal field theory the two-point function for a primary operator A_{s,s̄} is fixed [20] and given by (z ≡ (x, θ, θ̄)) � A_{(s,s̄)} (z)Ā_{(s,s̄)} (z^′) � = f_A(g^2, N, h, h̄) � 1 2 D^α D̄^2D_α + w 4(Δ_0 + γ)

[D^α , D̄^{α̇} ]i∂_{αα̇} + (4.3) + (Δ_0 + γ)^2 + w^2 − 2(Δ_0 + γ) 4(Δ_0 + γ)(Δ_0 + γ − 1) □ � δ^4(θ − θ^′) |x − x^′|^{2(Δ 0 +γ)}

where Δ_0 = s +s̄ is the tree-level dimension of the operator, ω = s −s̄ is its R-symmetry charge^2 and γ is the exact anomalous dimension.

The relation (4.3) can be straightforwardly applied to our primary operators U_J . The analysis of the two-point correlator for the O_J ’s is somewhat subtler since, as we see from

2We assume ω not to renormalize. In fact, once the R-symmetry of the elementary fields is fixed by requiring the exact R-symmetry of the superpotential, any composite operator has a fixed charge given by the sum of the charges of its elementary constituents.

– 7 – eq. (4.1), these chiral operators are not primaries and in principle the relation (4.3) cannot be applied to their correlators. However, as we are going to show, in the large J limit these operators turn out to behave as CPO’s and (4.3) can be safely used.

To this end we remind that in general given a chiral operator A, the condition for the operator to be non-protected (anomalous dimension acquired) is equivalent to the condition that its chiral nature is not maintained under superconformal transformations, i.e. D̄(δ¯_S A) ∼ { S̄, D̄}A ≠ 0 (see for instance [21]). In fact, writing schematically the superconformal algebra relation for a scalar operator as {S̄, D̄} = Δ − ω, we have

{S̄, D̄}A = (Δ − ω)A = [(Δ_0 + γ) − ω] A = γA (4.4)

where we have used Δ = Δ_0 + γ and for a chiral operator ω = Δ_0. Therefore if γ ≠ 0, S̄A is not chiral anymore. Viceversa, if {S̄, D̄}A = 0, then S̄A is still chiral and the dimension is protected by the well-known condition Δ = ω.

An alternative proof goes through the simple observation that the conditions

s +s̄ = Δ_0 + γ s −s̄ = Δ_0 (4.5)

imply s = Δ_0 + γ 2 s̄ = γ 2 (4.6)

The appearance of s̄ ≠ 0 signals the lack of chirality of the quantum operator.

We now apply the previous argument to our operators O_J to prove that in the large-N, large J limit the violation of chirality is suppressed and they behave as CPO’s. In the limit of large R-symmetry ω = J it is more natural to consider 1 J {S̄, D̄}O_J = � Δ_0 + γ J − 1 � O_J = γ J O_J . (4.7)

As discussed in the previous section, at any fixed order in perturbation theory the anomalous dimension γ does not grow with J. It follows that in the large J limit the r.h.s. of eq. (4.7) is suppressed and the operator behaves as a chiral primary. In particular, in this limit it is consistent to apply eq. (4.3) for the evaluation of its two-point function.

Supported by these considerations we can now proceed exactly as in [13] and find �¯ D^2U_J (z)D^2Ū_J (z^′) � = N^{J+1} (4π^2)^{J+1} fD̄^2 � 1 2 D^α D̄^2D_α +

J − 1 4(J + 1 + γ)

[D^α , D̄^{α̇} ]i∂_{αα̇} + + (J + 1 + γ)^2 + (J − 1)^2 − 2(J + 1 + γ) 4(J + 1 + γ)(J + γ) □ � × ×D^2 δ^4(θ − θ^′) |x − x^′|^{2(J+1+γ)} = N^{J+1} (4π^2)^{J+1} f(γ^2 + 2γ)D̄^2D^2 δ^4(θ − θ^′) |x − x^′|^{2(J+2+γ)}

(4.8) and � O_{J+1}(z)Ō_{J+1}(z^′) � = N^{J+2} (4π^2)^{J+2} fD̄^2D^2 δ^4(θ − θ^′) |x − x^′|^{2(J+2+γ)}

(4.9)

where f is the common normalization function not fixed by superconformal invariance.

– 8 –

From the relation (4.1) the two correlators are related by

⟨D̄^2U_J (z)D^2Ū_J (z^′)⟩ = |h|^2 � �q − 1 q � �^2⟨O_{J+1}(z)Ō_{J+1}(z_′)⟩ (4.10)

Therefore, inserting in (4.10) the explicit expressions (4.8) and (4.9) we end up with an algebraic equation

γ^2 + 2γ = |h|^2 � � �q − 1 q � � �^2 N 4π^2

(4.11)

which allows to find the exact expression for the anomalous dimensions

γ = −1 + � 1 + |h|^2 � � �q − 1 q � � �^2 N 4π^2 = 1 2 |h|^2 � �q − 1 q � �^2 N 4π^2 − 1 8 |h|^4 � �q − 1 q � �^4 N^2 (4π^2)^2

+ · · · . (4.12)

Up to the second order this expression coincides with the perturbative results obtained in the previous section.

We note that our operators O_J can be thought as dual to the 0-modes of the BMN sector considered in [2, 6, 8, 9]. Formula (4.12) is in agreement with the results presented in those papers for the spectrum of the 0-modes.

5. The superconformal condition at large-N

In the previous section, exploiting the superconformal invariance of the theory and its equations of motion we have shown that the exact anomalous dimension for the O_J operator can be written as γ = −1 + � 1 + 2γ^{(1)} (5.1)

where γ^{(1)} is the one-loop anomalous dimension. A direct calculation provides an expression for γ^{(1)} proportional to |h|^2. As discussed in section 3, at this order we are allowed to use the planar superconformal condition |h|^2 = g^2 to re-express γ^{(1)} in terms of g^2 only (see eq. (3.7)). Now if in (5.1) we use γ^{(1)} given in terms of g^2 and expand the square root, we obtain a perturbative formula for γ which agrees with the actual perturbative calculation only if the condition |h|^2 = g^2 is valid at any order.

Motivated by this observation we are led to conjecture that in the large-N limit the condition |h|^2 = g^2 is indeed the correct condition for superconformal invariance at any order in perturbation theory. Direct confirmations of this conjecture can be found in the literature up to order g^6 [3 – 5]. Now we give an argument to prove that this is true to all orders.

We remind that in N = 1 supersymmetric theories the superconformal invariance condition (i.e. vanishing of beta functions) can be expressed as the vanishing of the anomalous dimensions of the elementary superfields [22, 23, 1, 24]. Therefore, in order to study superconformal invariance, it is sufficient to focus on the divergent corrections to the propagators of the elementary fields.

– 9 –

In the β-deformed theory we consider a generic L-loop diagram contributing to the propagator of the Φ_i superfield. The crucial observation is the following: If we prove that at the planar level, as long as qq̄ = 1, this diagram does not depend on q, then we are sure that |h|^2 = g^2 is the exact solution of the superconformal invariance equations. In fact, if it is independent of q, the corresponding perturbative contribution is the same for any deformed theory, independently of the choice of the q-deformation. In particular, it is the same for any deformed theory (q ≠ 1) and for the underformed one (q = 1). Focusing on the undeformed case we can conclude that |h|^2 = g^2 is the exact condition for the planar superconformal invariance, since q = 1 and |h|^2 = g^2 bring us back to the N = 4 case which is known to be exactly superconformal. The independence of the perturbative corrections on q allows to extend this statement to any deformed theory.

To conclude the proof we need to show that the contribution from a generic selfenergy planar diagram never depends on q. We can focus on diagrams containing only matter vertices because adding vector propagators cannot introduce any q-dependence. We exploit the formal analogy between the deformed theory and noncommutative (nc) field theory. As observed in [2] the deformed potential can be written as ih � d^6z Tr(Φ_1 ∗ [Φ_2, Φ_3]_∗) + h.c. (5.2)

where f ∗ g = e^{iπβQ (i)f Mij Q(j)g} f · g , (5.3) Q^{(i)}, i = 1, 2 being the non-R–symmetry U(1)_1 × U(1)_2 charges and M the antisymmetric matrix^{“ 0 1}_{−1 0}^” . When drawing a Feynman diagram we can consider the flow of the charges inside the diagram. Observing that the charges are conserved at any vertex and propagate through the straight lines we can formally identify them with the ordinary momenta in noncommutative diagrams. A known property of planar diagrams in nc field theory is that the star product phase factors dependent on the loop momenta cancel out (for a proof see [25 – 27]) and only an overall phase depending on the external momenta survives. In our case, exploiting the formal identification of charges with momenta, we can use the same arguments to conclude that any planar diagram will have a phase factor from (5.3) depending only on the configuration of the external charges. In the particular case of self-energy diagrams the overall phase is zero since Φ_i and Φ̄_i have equal (but opposite) charges. In other words, any self-energy planar diagram always contains an equal number of q = 1/q̄ and q̄ = 1/q vertices. This concludes the proof of the q independence of perturbative self-energy corrections.

We state that in the N → ∞ limit the exact condition for superconformal invariance is simply |h|^2 = g^2. Therefore, the theory described by the action S = � d^8z Tr � e^{−gV} Φ̄_ie^{gV} Φ^i � + 1 2g^2 � d^6z Tr W^α W_α + +ig � d^6z Tr(e^{iπβ} Φ_1Φ_2Φ_3 − e^{−iπβ} Φ_1Φ_3Φ_2) + +ig � d^6z̄ Tr(e^{iπβ} Φ̄_1Φ̄_2Φ̄_3 − e^{−iπβ} Φ̄_1Φ̄_3Φ̄_2) (5.4)

represents a N = 1 superconformal invariant theory for any value of β real.

– 10 –

6. Conclusions

For the SU(N), β-deformed N = 4 SYM theory we have considered the particular class of operators O_J = Tr(Φ^J_1 Φ_2). We have computed perturbatively their anomalous dimensions up to two loops. The calculation has been performed in the large-N limit in order to avoid mixing with multi-trace operators. Exploiting the techniques introduced in [13] for the BMN operators we have evaluated their exact anomalous dimensions in the large-N, large J limit. In this limit the exact expression for the anomalous dimension depends on the deformation parameter q only through the combination |q − 1/q|^2 and it is then invariant under q → −1/q. Observing that in β-deformed theory exchanging q → −1/q amounts to exchange Φ_i ↔ Φ_j, for any i = 1, 2, 3, i ≠ j, we may conclude that in the O_J sector, in the large-N, large J limit there is an enhancement of the SU(3) symmetry and all the operators of the form Tr(Φ^J_i Φ_k), i ≠ k renormalize in the same way.

A comparison between the exact result and the perturbative calculation suggests that the condition |h|^2 = g^2, which up to three-loops guarantees the superconformal invariance of the theory in the planar limit, is actually sufficient for the exact invariance for N → ∞. Indeed, we have given a direct proof at any order in perturbation theory. The main result of our paper is that the action in (5.4) is superconformal invariant at the quantum level without additional conditions on the couplings. In the context of the AdS/CFT correspondence [28 – 30] this is the theory whose strong coupling phase is described by the supergravity dual found in [2]. The O_J sector of this theory for large J shares many similarities with the BMN sector of the N = 4 theory in the pp-wave limit. This opens the possibility for these operators to be dual to superstring states in some particular sector of the theory.

It is interesting to consider the extension of our calculations to the case of β complex (qq̄ ≠ 1). In this case the condition for superconformal invariance up to three loops, in the planar limit becomes 1 2 |h|^2 � qq̄ + 1 qq̄ � = g^2 . (6.1)

When (6.1) holds it is easy to see that the perturbative anomalous dimension still coincides with the expansion of the exact result (4.12). As for the case of β real consistency of the perturbative calculation with the exact result would suggest that the condition (6.1) should be valid at any order. However, the proof we have presented in section 5 makes repeated use of the requirement qq̄ = 1 and cannot be immediately extended to the more general case. A different procedure should be found to prove or disprove that the one-loop condition (6.1) is sufficient to insure the exact conformal invariance even in the case of β complex.

Generalizations of the present results to other deformed theories are presently under investigation and will be reported in [31].

Acknowledgments

This work has been supported in part by INFN, PRIN prot. 2003023852 008 and the European Commission RTN program MRTN–CT–2004–005104.

– 11 –

References

[1] R.G. Leigh and M.J. Strassler, Exactly marginal operators and duality in four-dimensional N = 1 supersymmetric gauge theory, Nucl. Phys. B 447 (1995) 95 [hep-th/9503121].

[2] O. Lunin and J. Maldacena, Deforming field theories with U(1) × U(1) global symmetry and their gravity duals, JHEP 05 (2005) 033 [hep-th/0502086].

[3] D.Z. Freedman and U. Gursoy, Comments on the beta-deformed N = 4 SYM theory,

hep-th/0506128.

[4] S. Penati, A. Santambrogio and D. Zanon, Two-point correlators in the beta-deformed N = 4 SYM at the next-to-leading order, hep-th/0506150.

[5] G.C. Rossi, E. Sokatchev and Y.S. Stanev, New results in the deformed N = 4 theory, Nucl.

Phys. B 729 (2005) 581 [hep-th/0507113].

[6] V. Niarchos and N. Prezas, Bmn operators for N = 1 superconformal Yang-Mills theories and associated string backgrounds, JHEP 06 (2003) 015 [hep-th/0212111].

[7] R. de Mello Koch, J. Murugan, J. Smolic and M. Smolic, Deformed pp-waves from the Lunin-Maldacena background, JHEP 08 (2005) 072 [hep-th/0505227].

[8] S.A. Frolov, R. Roiban and A.A. Tseytlin, Gauge - string duality for superconformal deformations of N = 4 super Yang-Mills theory, hep-th/0503192.

[9] S.A. Frolov, R. Roiban and A.A. Tseytlin, Gauge-string duality for (non)supersymmetric deformations of N = 4 super Yang-Mills theory, JHEP 07 (2005) 045 [hep-th/0507021].

[10] D. Berenstein and R.G. Leigh, Discrete torsion, AdS/CFT and duality, JHEP 01 (2000) 038 [hep-th/0001055].

[11] D. Berenstein, V. Jejjala and R.G. Leigh, Marginal and relevant deformations of N = 4 field theories and non-commutative moduli spaces of vacua, Nucl. Phys. B 589 (2000) 196 [hep-th/0005087].

[12] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[13] A. Santambrogio and D. Zanon, Exact anomalous dimensions of N = 4 Yang-Mills operators with large R charge, Phys. Lett. B 545 (2002) 425 [hep-th/0206079].

[14] K. Intriligator and B. Wecht, The exact superconformal R-symmetry maximizes a, Nucl.

Phys. B 667 (2003) 183 [hep-th/0304128].

[15] S. Penati, A. Santambrogio and D. Zanon, Two-point functions of chiral operators in N = 4 SYM at order g^4, JHEP 12 (1999) 006 [hep-th/9910197].

[16] S. Penati, A. Santambrogio and D. Zanon, Correlation functions of chiral primary operators in perturbative N = 4 SYM, hep-th/0003026.

[17] S. Penati, A. Santambrogio and D. Zanon, More on correlators and contact terms in N = 4 SYM at order g^4, Nucl. Phys. B 593 (2001) 651 [hep-th/0005223].

[18] S. Penati and A. Santambrogio, Superspace approach to anomalous dimensions in N = 4 SYM, Nucl. Phys. B 614 (2001) 367 [hep-th/0107071].

[19] D.J. Gross, A. Mikhailov and R. Roiban, Operators with large R charge in N = 4 Yang-Mills theory, Ann. Phys. (NY) 301 (2002) 31 [hep-th/0205066].

– 12 –

[20] H. Osborn, N = 1 superconformal symmetry in four-dimensional quantum field theory, Ann.

Phys. (NY) 272 (1999) 243 [hep-th/9808041].

[21] B.P. Conlong and P.C. West, Anomalous dimensions of fields in a supersymmetric quantum field theory at a renormalization group fixed point, J. Phys. A 26 (1993) 3325.

[22] M.T. Grisaru, W. Siegel and M. Roček, Improved methods for supergraphs, Nucl. Phys. B 159 (1979) 429.

[23] N. Seiberg, Naturalness versus supersymmetric nonrenormalization theorems, Phys. Lett. B 318 (1993) 469 [hep-ph/9309335].

[24] I. Jack, D.R.T. Jones and C.G. North, n = 1 supersymmetry and the three loop anomalous dimension for the chiral superfield, Nucl. Phys. B 473 (1996) 308 [hep-ph/9603386].

[25] T. Filk, Divergencies in a field theory on quantum space, Phys. Lett. B 376 (1996) 53. [26] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Wilson loops in noncommutative Yang-Mills, Nucl. Phys. B 573 (2000) 573 [hep-th/9910004].

[27] S. Minwalla, M. Van Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, JHEP 02 (2000) 020 [hep-th/9912072].

[28] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[29] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[30] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[31] A. Mauri, S. Penati, M. Pirrone, A. Santambrogio and D. Zanon, work in preparation.

– 13 –